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A numerical approach has been developed to determine the individual rate constants 
(kf - and k ,  - , ), as well as the equilibrium constant from the ratio of the rate con- 
stants (kr - J k ,  - , ), by using stochastic simulation. This approach is illustrated for 
simulations of the absorption (partition) process between homogeneous fluid and sur- 
face phases under diffksion-limited conditions. A pair of regression methods is derived 
from the chemical system with the initial distribution of molecules entirely in either the 
fluid or sugace phase. These two methods are complementary in determining the rate 
constants for distribution coeficients that are lower or higher than unity, respectively. A 
standard exponential (two-parameter) regression equation is compared with a biexpo- 
nential (four-parameter) equation, which provides for inherent correction of numerical 
error. The effects of the number of molecules, as well as the time increment and range, 
are examined in detail. This provides guidance to optimize the computational parame- 
ters of the simulation. The proposed approach has been successfully applied for distribu- 
tion coejjicients ranging from 0.01 to 100.0, yielding individual rate constants k,  - and 
k ,  , with k 0.84% and f 0.57% average relative standard deviation, and the ratio of 
the rate constants with f 1.04% average relative standard deviation and f 1.14% aver- 
age relative error. 

Introduction 

In recent years, stochastic or Monte Carlo simulation 
methods have been employed to study a wide variety of prob- 
lems in chemistry and chemical engineering. One advantage 
of such methods is that they deal with the behavior of indi- 
vidual species (such as atoms, molecules, and particles), rather 
than the bulk or average behavior of statistical ensembles. By 
monitoring the positions or trajectories of these individual 
species in three-dimensional (3-D) space, a direct and de- 
tailed interpretation of physical and chemical phenomena is 
possible. These simulation methods are a powerful and versa- 
tile means to model complex systems, which can provide the 
connection between molecular-level models (such as ab znitio 
quantum mechanical or molecular dynamics calculations) and 
classical theoretical models or experiments. 

Stochastic simulations have been widely used to study ad- 
sorption, desorption, and associated processes as a function 
of the surface structure and properties. From these simula- 
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tions, the adsorption isotherms (Patrykiejew and Jaroniec, 
1984; Patrykiejew, 19921, phase transitions (Patrykiejew, 1981, 
19821, and thermodynamic properties (Patrykiejew, 1983, 
1988) have been calculated for adsorbates on homogeneous 
surfaces, as well as on random and organized heterogeneous 
surfaces. In addition, the fractional surface coverage and 
phase diagrams have been determined for binary mixtures of 
adsorbates (Patrykiejew, 1987, 1988). For adsorbates that are 
partially or fully mobile, the stochastic simulation method has 
enabled the study of aggregation or island formation (Binder, 
1986, 1987), as well as the concomitant effects upon the rates 
of desorption (Gupta and Hirtzel, 1984; Hood et al., 1985) 
and surface reactions (Silverberg et al., 1985; Silverberg and 
Ben-Shaul, 1987; Stiles and Metiu, 1986; Kang et al., 1990). 

Stochastic simulations have also been applied to character- 
ize diffusion phenomena in bulk solution (Kawasaki, 
1966a,b,c) as well as at homogeneous and heterogeneous sur- 
faces (Kang and Weinberg, 1989, 1992). The surface diffusion 
coefficients have been estimated as a function of the adsor- 
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bate-adsorbate and adsorbate-surface interaction energies 
(Bowker and King, 1978a,b; Murch, 1980; Kutner et al., 1982, 
1983; Sadiq and Binder, 1983; Mak et al., 1988; Ray and 
Baetzold, 1990). In addition, the transition between ordinary 
and Knudsen diffusion has been studied in porous media 
consisting of randomly overlapping fibers as well as parallel, 
nonoverlapping, or partially overlapping fibers (Tomadakis 
and Sotirchos, 1991a,b, 1993a,b). From these simulations, the 
porosity, internal surface area, and accessibility of the fibrous 
structures have been calculated, together with the effective 
diffusion coefficients (Burganos and Sotirchos, 1988, 1989). 

In addition to these studies of stationary systems, stochas- 
tic simulations have also been used to characterize systems 
with convective transport (Celenligil et al., 1989; Sotirchos, 
1989). Chemical reactions performed in homogeneous solu- 
tions have been modeled under laminar flow conditions in a 
cylindrical tube (Betteridge et al., 1984; Wentzell et al., 1993). 
Laminar flow conditions have also been modeled in thin, 
rectangular channels which exhibited an unusual Coriolis- 
induced secondary flow (Schure, 1988; Schure and Weer- 
atunga, 1991). More recently, the stochastic method has been 
used to simulate adsorption and absorption at the wall of 
cylindrical tubes under both laminar (McGuffin and Wu, 
1996) and electroosmotic (Schure and Lenhoff, 1993; McGuf- 
fin et al., 1995; Hopkins and McGuffin, 1998) flow condi- 
tions. 

In these prior studies, stochastic simulation methods have 
primarily been used to elucidate the steady-state or equilib- 
rium properties of the model system. However, if the simula- 
tion is judiciously designed so that it accurately represents 
the time evolution of the model system, then it may also be 
utilized to investigate kinetic phenomena (Fichthorn and 
Weinberg, 1991; Kang and Weinberg, 1992). This approach 
may be used to identify and characterize the rate-limiting 
processes in complex mass-transport systems, such as those 
used for catalysis or separations. A deeper understanding of 
kinetic phenomena is necessary in order to increase the speed 
of such systems with a minimal sacrifice in yield and effi- 
ciency. The purpose of the present work is to develop a reli- 
able approach to derive kinetic rate constants from stochastic 
simulations and to evaluate their statistical accuracy and pre- 
cision. 

Computer Simulation 
A 3-D stochastic computer simulation of transport proc- 

esses in heterogeneous systems has been developed in the 
FORTRAN 90 programming language and optimized on an 
IBM RS/6000 Model 580 computer. The input parameters 
required for this simulation may be divided into three gen- 
eral categories, as summarized in Table 1. The system param- 
eters describe properties of the fluid and surface, as well as 
the spatial dimensions of the system to be simulated. The 
molecular parameters describe attributes of the molecules, 
and the computational parameters describe certain con- 
straints that are required for the simulation. To initialize the 
simulation, the molecules are distributed in a statistically ran- 
dom manner entirely in either the fluid or surface phase. The 
simulation program, shown in the flowchart in Figure 1, in- 
corporates algorithms for the mass-transport processes of dif- 
fusion, convection by laminar and electroosmotic flow, and 
surface interaction by absorption and adsorption mechanisms 

Table 1. Variable Simulation Parameters and Typical 
Values Used in the Present Work 

System Parameters: Symbol Value 
Radius of fluid phase R 2 0 . 0 ~  cm 
Length of fluid phase L 100 cm 
Viscosity of fluid phase rl 
Dielectric constant of fluid phase 
Ionic strength of fluid phase 
Mean linear velocity of fluid phase u,, 0 cm-s- '  
Depth of surface phase d, 4.49X cm 
Zeta potential of surface phase i 
Voltage V 
Pressure P 
Temperature TO 298 K 

E 

I 

Molecular Parameters: 
Diffusion coefficient 

Distribution coefficient 
Adsorption energy 
Mobility 
Charge 

Computational Parameters: 
Number of molecules 
Molecular-frame coordinates 
Global-frame coordinates 

cylindrical 
Cartesian 

Time increment 
Total simulation time 

D, 1 . 0 ~ 1 0 - ~  cm2.s-' 
D, 1 . 0 ~  cm'.s-' 
K 0.01-500 
E 
lL 
2 ,  

N 
P -  4 > @  

1.0X lo-' - 1.0X 10' 

r .  @ , z  
x , y , z  

t 5.0X10-' -5.0X10-3 
T 0.05-5.0 s 

(McGuffin et al., 1995; McGuffin and Wu, 1996; McGuffin 
and Hopkins, 1998). The selected processes are repeated for 
each molecule at each time increment ( t )  until the total simu- 
lation time ( T )  is reached. 

In the present study, we simulate a simple absorption (par- 
tition) mechanism between a homogeneous fluid phase that 
is in contact with a permeable and homogeneous surface 
phase. These simulations are representative of several types 
of practical systems, such as an electrochemical or mass sen- 
sor overcoated with a thin polymer film, or a separation based 
on a membrane or chromatographic column. In order to sim- 
ulate the absorption mechanism for solute molecules in such 
systems, the algorithms for the processes of diffusion and sur- 
face interaction are required. Molecular diffusion is simu- 
lated by using a 3-D extension of the Einstein-Smoluchowski 
equation (Einstein, 1905; Feller, 1950; Reid et al., 1977). The 
radial distance p traveled by a molecule during the time in- 
crement t is given by 

p = (6Df.,tI4" (1) 

where Df,r is the diffusion coefficient in the fluid or surface 
phase, as appropriate. The direction of travel is subsequently 
randomized through the spherical coordinate angles (4,O 1. 
Finally, the coordinate increments in the molecular frame are 
used to calculate the new molecular position in the global 
coordinate frame. This algorithm has been validated for dif- 
fusion coefficients ranging from lo-' to lo-' cm2.s-', with 
average relative errors in distance and variance of +0.32% 
and 2.96%, respectively (McGuffin and Wu, 1996). 

For surface interaction by an absorption process, the prob- 
ability of transport between the fluid and surface phases is 
derived from the long-time behavior of a single molecule, 
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Figure 1. Flowchart of the computer simulation pro. 

gram. 

rather than from the bulk behavior of an ensemble of 
molecules. Consider a small incremental volume of the fluid 
and surface phases at the interface wherein the probability of 
the molecule striking the interface approaches unity in each 
time increment. These incremental volumes may be ex- 
pressed as d 5  = (2DJt)lR dA and dV; = ( 2 D , t ) v  &, where 
dA is the incremental surface area and t is the time incre- 
ment. Now consider a total time T = [1+ K(dK/dl$)]t = [1+ 
K(D,/D,)v]t .  Of this total time, the molecule must spend a 
time = t in the fluid phase and T, = K(Ds/DJ)vZt  in the 
surface phase in order to satisfy the expected long-time be- 
havior. By substitution, the probabilities of transport between 
the fluid and surface phases can be expressed as 

To derive expressions for the individual probabilities Pf -., 
and P s - f ,  we can consider two limiting cases. First, if 
K(D, /Df) l f l  >> 1 and the molecule is in the fluid phase (hav- 
ing already spent one time increment there and having satis- 
fied the requirement that Tf = t ) ,  then it must be transferred 
to the surface phase. Under these conditions 
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Similarly, if K(Ds/DJ)lR << 1 and the molecule is in the sur- 
face phase, then it must be transferred to the fluid phase. 
Under these conditions 

It is noteworthy that the product K(D,/DJIw, which is in- 
trinsically related to the probabilities Pf - s and PS,-,J for 
transfer of a single molecule, has recently been identified as 
the nonequilibrium partition constant (Morita, 1996; Barzykin 
and Tachiya, 1998). When a molecule encounters the 
fluid-surface interface during the simulation, a random num- 
ber between zero and one is selected. This random number is 
compared with the probability PJ- or P, - if the molecule 
is in the fluid or surface phase, respectively, as given by Eq. 
3a if K ( D s / D J ) p  2 1 or by Eq. 3b if K(Ds/Df)’p I 1. If the 
random number is less than or equal to the probability, the 
molecule is transferred along the initial trajectory across the 
interface to the opposite phase. Otherwise, the molecule re- 
mains in the same phase and undergoes an elastic collision at 
the interface. Similarly, when a molecule encounters a spatial 
boundary of the system, an elastic collision is performed. This 
algorithm has been validated for distribution coefficients 
ranging from 0.01 to 100.0, with average relative errors in 
distance and variance of 0.55% and k 4.02%, respectively 
(McGuffin and Wu, 1996). 

In the present study, stochastic simulations are performed 
for an absorption system with constant radius of the fluid 
phase ( R  = 20.0X cm), depth of the surface phase (d ,  = 

4.49 x cm), as well as diffusion coefficients of the 
molecule in the fluid and surface phases (Of = 1.OX 
c m ’ . ~ - ~  and D, = 1 . 0 ~  cm2-s-’). These simulations are 
used to develop and, subsequently, to validate numerical 
methods that characterize the kinetic and equilibrium behav- 
ior of the system. 

Numerical Approach to Determine Rate Constants 
In the absorption mechanism, the solute X is distributed 

between the homogeneous fluid and surface phases by a re- 
versible reaction 

where kf- and k ,  are the first-order rate constants. When 
the system is in equilibrium, the ratio of the number of solute 
molecules in the fluid phase (Nf) and surface phase (N,) de- 
fines the distribution coefficient ( K )  

which is adjusted for the relative volumes of the fluid phase 
(5 = TR’L) and the surface phase (V ,  = ~ ( d , ’  + 2Rd,)  L). 

Prior to equilibrium, however, the distribution of solute 
molecules can be described by a kinetic model of reversible 
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reactions (Benson, 1960; Steinfeld et al., 1989). Under these 
conditions, the net rate of change in the number of molecules 
in the fluid and surface phases is governed by a system of 
ordinary differential equations (ODE) 

Two important initial conditions are associated with this ODE 
system: 

(i) all molecules initially reside in the fluid phase, that is, 

Equations 6 and 7 (or, alternatively, Eqs. 6 and 8) may be 
rewritten as follows 

where 

For the initial condition (i) 
N f = N  and N,=O at T = O  (7 )  

(ii) all molecules initially reside in the surface phase, that 
is, 

For the initial condition (ii) 
N f = O  and N,= N at T=O ( 8 )  

where N is the total number of molecules. As shown in Fig- 
ure 2, the chemical system will eventually reach the equilib- 
rium state from either of these two initial conditions, so that 
the ratio of the number of molecules in the fluid and surface 
phases remains constant as time approaches infinity. 

Nf STRATEGY: 

a s T - t -  N, + N, 

N, STRATEGY: 

at T = O  
N, = N a s T - t -  N, + Ns 

O -  - ( O !  N 

By the standard ODE theory, the solution of Eq. 9 is given by 

N(T) = cI  exp ( A,T) + c 2  exp( A,T) (12) 

where c1 and c2 are eigenvectors of the matrix A associated 
with its eigenvalues A, and A?, respectively, 

A , = O  and A2=-(kf. . ,+k,_f) (13) 

which can be determined uniquely by the initial condition in 
Eq. l l a  or l lb .  For the initial condition (i) 

and 

Similarly, for the initial condition (ii) 

Figure 2. Relationship between the two initial condi- 
tions associated with the ODE system (Eqs. 
6a and 6b) and the equilibrium state. and 
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From Eqs. 15a and 15b or 17a and 17b, it is readily apparent 
that 

and 

k f - P  IV, = lim N, = 
T + =  kf-, + ks-f 

where if and #, are constant. The ratio I'?,/Nf represents 
the ratio of the number of molecules in surface and fluid 
phases under the equilibrium definition according to Eq. 5 ,  
and is equal to the ratio of the rate constants kf-,/ks-f un- 
der the kinetic definition. 

It should be noted that for any given matrix A and initial 
condition No, the solution of the ODE system in Eq. 9 is 
determined uniquely by using Eqs. 12 to 14 or Eqs. 12, 13, 
and 16 and, hence, so are Nf and N, by using Eqs. 15a and 
15b or 17a and 17b. In other words, if the rate constants kfT, 
and k,_f are known, then the distribution of molecules in 
the fluid and surface phases can be exactly calculated as a 
function of time. However, for a given set of data (such as Nf 
or N, vs. T ) ,  it is only possible to solve numerically for the 
rate constants k,-, and k,-f from Eqs. 15a and 15b or 17a 
and 17b by a nonlinear regression approach. This mathemati- 
cal consequence remains true no matter how abundant or 
how accurate the data may be. As the estimation of kf-, and 
kYMf  from the data is a common and important goal of both 
simulation and experimental studies, it is necessary to de- 
velop a reliable strategy for the nonlinear regression ap- 
proach. 

08 

z O 6  

2- 0 4  

\ 

0 2  

Figure 3. Kinetic evolution of the absorption process by 
monitoring the relative number of molecules 
in the fluid phase as a function of simulation 
time. 
Simulation conditions: N =  1.OX lo4;  t = 5.0X 10-' s; R = 
2 0 . 0 ~ 1 0 - ~  cm; d , = 4 . 4 9 ~ 1 0 - ~  cm; D -lOxlO-s cm'. 
s-1; D,= 1.0x 1 0 - 6  cm2.s-1; K = 0.5 (#<I.o (o), 2.0 (A),  
5.0 ( 0  1, 10.0 (0). (-) Nonlinear regression analysis accord- 
ing to Eq. 15a, together with the associated residuals. 

Nonlinear regression strategies 
Consider the case wherein all molecules reside initially in 

the fluid phase, and the number of molecules remaining in 
the fluid phase is monitored as a function of time. For the set 
of simulation data ( T ,  Nf) ,  the rate constants kf-, and k s - f  
can be determined by applying nonlinear regression with an 
exponential (two-parameter) fitting according to Eq. 15a. An 
example of the two-parameter fitting strategy is illustrated in 
Figure 3. From nonlinear regression analysis of the simula- 
tion data in the center curve ( K  = 2.0, F/< = 2.0), the rate 
constants kf-, and k,-f are determined to be 8.36+0.11 s-' 
and 8.40 0.12 s -  ', respectively. Although the probability of 
molecular transfer from fluid to surface phase = 0.63) 
is less than that from surface to fluid phase (P,-f = 1.00) ac- 
cording to Eq. 3b, the rate constants are approximately equal 
because of the commensurately larger volume of the fluid 
phase. The ratio of these rate constants (kf-,/k,-f = 0.99.t 
0.02) is in accord with the ratio of the number of molecules 
in the surface and fluid phases at equilibrium (I'?,/rjf = 1.00 

Table 2. Kinetic Rate Constants kf - and k ,  - 
for the Case of N = 1.0 X lo4 and t = 5.0 X 10 -' s 

Determined by Nonlinear Regression with Two-Parameter Fitting in Eq. 15a 

k f - s  k,-f Error Error 

500.0 2.0 20.32 i 0.32 0.20 k 0.04 100.88 k 19.47 - 59.65 254.02 f 20.39 1.61 
200.0 2.0 20.38 f 0.32 0.33 f 0.04 61.97f12.16 - 38.03 98.45 f 7.81 - 1.55 
100.0 2.0 20.05 f 0.30 0.53 f 0.04 38.07 f 2.92 - 23.87 49.08 f 1.53 - 1.85 

K "f/4 W1) (S- l )  k f - S 1 . S  - f (%I Gs/Nf (%) 

50.0 2.0 19.28 f 0.29 0.88 f 0.04 21.94+ 1.08 - 12.24 25.56 f 0.60 2.23 
20.0 2.0 17.84 f 0.27 1.90 k 0.05 9.38 k 0.29 - 6.21 10.04+0.13 0.41 
10.0 2.0 16.15 f 0.24 3.34 k 0.07 4.83 f0.12 - 3.34 5.08 k 0.06 1.55 
5.0 2.0 13.19*0.20 5.39 * 0.10 2.45 k 0.06 -2.11 2.53 5 0.03 1.13 
2.0 2.0 8.36 f 0.11 8.40f0.12 0.99 f 0.02 -0.51 1 .OO f 0.009 0.32 
1 .o 2.0 5.09 f 0.06 10.22 f 0.14 0.50 f 0.009 - 0.41 0.50 k 0.004 0.47 
0.5 2.0 2.94 f 0.04 11.79 +- 0.17 0.25 k 0.005 - 0.22 0.25 f 0.002 1.14 
0.2 2.0 1.30+0.02 13.19 f 0.20 0.099 + 0.002 - 1.12 0.098 f 0.002 - 1.66 
0.1 2.0 0.67k 0.009 13.64 f 0.20 0.049 + 0.001 - 2.08 0.043 f 0.001 - 1.40 
0.05 2.0 0.36 0.007 14.20 f 0.28 0.025 k 0.0007 0.37 0.025 f 0.0006 - 1.00 
0.02 2.0 0.15 f 0.005 15.46 f 0.50 0.010 +0.0005 0.12 0.010 f O.OOO6 - 0.48 
0.01 2.0 0.08 i- 0.004 16.62 f 0.82 0.005 f0.0003 - 6.46 0.005 i 0.0003 - 8.58 
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f 0.009). Moreover, both the kinetic and equilibrium descrip- 
tions of the molecular distribution show excellent agreement 
with the theoretically expected value ( K  (V,/V,) = 1.00) from 
Eq. 5. Upon substitution of these rate constants into Eq. 6, 
the principle of detailed balance reveals that each molecule 
is transferred from fluid to surface phase an average of 4.175 
times per second, and from surface to fluid phase an average 
of 4.207 times per second at equilibrium. 

The simulation results with varying distribution coefficient, 
but all other conditions remaining constant, are also included 
in Figure 3. For a rapidly reversible absorption mechanism, 
these rate constants represent diffusion-limited conditions: 
that is, the rate constant kf-s is controlled by diffusional mass 
transport in the fluid phase and the rate constant k s - J  by 
that in the surface phase. Under these conditions, Figure 3A 
illustrates that the number of molecules in the fluid phase 
reaches 1 - l/e of its steady-state value after a characteristic 
time 7 of approximately 0.060 s and that equilibration is vir- 
tually complete after 57 or 0.30 s for all cases. Figure 3B 
shows that the residuals of the regression analysis are small 
and behave consistently with varying distribution coefficient, 
which verifies that the classical exponential fitting approach 
works reasonably well. This approach has been used to deter- 
mine the rate constants as a function of distribution coeffi- 
cient in the range from 0.01 to 500.0, as summarized in Table 
2. It is evident that this regression strategy is broadly applica- 
ble, so that the individual rate constants and their ratio can 
be calculated with reasonably good precision and accuracy. 

Upon more detailed inspection of Figure 3, however, there 
appears to be a systematic deviation of the residuals as a 
function of time, with negative error prior to time 7 and posi- 
tive error thereafter. In addition, Table 2 indicates that the 
numerical accuracy for the ratio of the rate constants 
(kf-,/ks ~ J )  becomes progressively worse with increasing dis- 
tribution coefficient whereas the ratio of the number of 
molecules (NS/if 1 does not. These results suggest that there 
is a systematic error in the numerical determination of k,-, 
and kS-,. This error may arise from several sources when 
approximating the ODE equation: 

(I) Constant or additive error in the number of molecules 
(€;I 

(11) Proportional or multiplicative error in the number of 

(111) Time-dependent error ( e T )  
molecules ( E;) 

Accordingly, Eqs. 6a and 6b may be replaced by the following 
three revised ODE systems 

where the subscripts f and s denote the fluid and surface 
phases, respectively. Similarly, Eqs. 19 to 21 can be rewritten 
as 

(22a) 

(23a 

Table 3. Kinetic Rate Constants k,  - , and k ,  - , Determined by Nonlinear Regression with Four-Parameter Fitting in Eq. 26a 
€or the Case of N = 1.0 X lo4 and t = 5.0 X 10 -’ s 

k J - S  ks-f Error Error 

500.0 2.0 16.86 I0.08 0.087 f 0.007 194.54f 14.94 -22.19 254.02 f 20.39 1.61 
K ?/K ( S - I )  ( S - I )  kf- x/k, ~ f (%I fi& (7%) 

200.0 2.0 16.89 f 0.09 0.19 f 0.007 88.06 f 3.28 - 11.94 98.45 f 7.81 - 1.55 
100.0 2.0 16.84 k 0.09 0.37 f 0.008 45.98 f 1.03 - 8.05 49.08 f 1.53 - 1.85 
50.0 2.0 16.14+0.08 0.66 f 0.008 24.50 f 0.32 - 2.00 25.56 + 0.60 2.23 
20.0 2.0 14.89 f 0.09 1.51 f O . O 1  9.87f0.10 - 1.35 10.045 0.13 0.41 
10.0 2.0 13.58 f 0.08 2.73 f 0.02 4.97 f 0.05 - 0.63 5.08 f0.06 1.55 
5.0 2.0 11.16 k 0.08 4.49 f 0.04 2.49 0.03 - 0.47 2.53 f 0.03 1.13 
2.0 2.0 7.40 k 0.05 7.38 f 0.05 1.0Of 0.009 0.26 1.00 f 0.009 0.32 
1 .0 2.0 4.53 f 0.03 9.05 f 0.06 0.50 f 0.005 0.21 0.50 k 0.004 0.47 
0.5 2.0 2.44 f 0.02 9.71 fO.10 0.25 f 0.004 0.62 0.25 f 0.002 1.14 
0.2 2.0 1.19 f 0.02 11.98f0.20 0.099 f 0.002 - 0.74 0.098 f 0.002 - 1.66 
0.1 2.0 0.63 f 0.009 12.73 I 0.20 0.049 f 0.001 - 1.33 0.049 f 0.001 - 1.40 
0.05 2.0 0.34 k 0.007 13.47 f 0.30 0.025 & 0.0008 0.56 0.025 f 0.0006 - 1.00 
0.02 2.0 0.14f0.006 13.63 f 0.62 0.010 f 0.0006 0.53 0.010 & 0.0006 - 0.48 
0.01 2.0 0.07 + 0.004 15.25 f0.88 0.005 f 0.0004 - 6.21 0.005 f 0.0003 - 8.58 
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The leading and dominant terms in the solution of the ODE 
systems (I) to (111) are derived in the Appendix, and are given 
by 

where c , ,  c 2 ,  and c3  are vectors, and c4 is constant. In more 
detailed format 

For a given sct of simulation data (T ,Nf ) ,  the rate constants 
k f - ,  and k , - f  together with the scalars c , ~  and cdf can be 
determined by applying nonlinear regression with a bjexpo- 
nential (four-parameter) fitting according to Eq. 26a. An ex- 
ample of this four-parameter fitting strategy is illustrated in 
Table 3, as well as in Figures 4 and 5. 

Figures 4A and 4B provide a comparison of the rate con- 
stants obtained from the two-parameter and four-parameter 
regression equations. Both of these approaches describe the 
trend of the rate constants kf-, and ks-f with increasing 
distribution coefficient K ,  which is consistent with the theory 
in Eq. 5. The curve for kf7, in Figure 4A increases rapidly, 
whereas that for ks-f  in Figure 4B decreases very slowly as 
K(V, /Vf )  approaches unity, at which point kf-, and ks- f  are 
equal. After this point, ks-f decreases rapidly and kf-s in- 
creases very slowly. In Figures 5A and 5B, the relative stan- 
dard deviation for kf-$ and kfdf is illustrated for the two- 
parameter and four-parameter regression equations. It is evi- 
dent that the four-parameter approach shows better preci- 
sion, especially for k,-f.  In addition, Figure 4C compares the 
ratio of the rate constants kf-s/ks-f obtained from the two- 
parameter and four-parameter regression equations. The ra- 
tio is closer to the theoretically expected value in Eq. 5 for 
the four-parameter approach, which is confirmed by compar- 
ing the relative error in Figure 5C. For the case where 
K(P'&) is unity, the rate constants kf- ,  and k,- 
termined to be 7.40f0.05 s-' and 7.38f0.05 s- , respec- 
tively. The ratio of these rate constants (kf-,/k,-f = 1.OO-t 
0.009) is in accord with the ratio of the number of molecules 
in the surface and fluid phases at equilibrium (Es/f?f = 1.00 
k 0.009). Similarly, the principle of detailed balance reveals 
that each molecule is transferred from fluid to surface phase 
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Figure 4. Individual rate constants k f -s  (A) and k s - ,  

(61, and the ratio of the rate constants k, - s/ 
k, -, (C) determined by the two-parameter re- 
gression equation (0, 0,  @ )  and the 
four-parameter regression equation ( , , 
HI. 
Simulation conditions: N = 1.OX lo4 ;  f = 5 . 0 ~  s; R = 
~ O . O X ~ O - ~  cm; d , =  4.49x1OW4 cm; Df= ~ . O X I O - ~  cm2. 
s - l ;  D,  = 1 . 0 ~  cm2.s-l. 

0.01 0.10 1.00 10.00 100.00 

an average of 3.694 times per second, and from surface to 
fluid phase an average of 3.696 times per second at equilib- 
rium, which are more commensurate than the values ob- 
tained with the two-parameter strategy (vide supra). 

From these results, we may conclude that the four-parame- 
ter regression equation developed in this work, which pro- 
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Figure 5. Relative standard deviation for the rate con- 
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determined by the two-parameter regression 
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s - ' ;  D,= 1.0x10-6 cmZ.s-'. 

vides correction for intrinsic numerical error, is superior to 
the classical two-parameter equation. Because this error 
arises from uncertainty in the number of molecules and time, 
we will examine next the effect of these variables on the ac- 
curacy and precision of rate constant determination. 
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Figure 6. Relative standard deviation for the rate con- 

stants k, - s (A) and k, - , (61, and the error for 
the ratio of the rate constants kf-s/ks-f  (C) 
as a function of the number of molecules. 
Simulation conditions: N =  1.OX lo3 (0, 0,  @), l .0X104 
( 0 .  D ,  B), l . 0X105( r , .  A ,  1 t = 5 . 0 ~ 1 0 - ~  s; R=20 .0  
x I O - ~  cm; d = 4 . 4 9 ~ 1 0 - ~  cm; D f = l . 0 X 1 0 - 5  anZ.,-'; 
D,= 1.0x 10-8 crnz.s-1. 

Eflect of number of molecules 
The kinetic evolution of the absorption process has been 

examined over a wide range of distribution coefficients, as 
summarized in Tables 2 and 3. As the distribution coefficient 
K increases, the number of molecules in the fluid phase at 
equilibrium decreases as fir = NAlf K(K/V,)]  and, con- 
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Table 4. Kinetic Rate Constants k, - , and k, - Determined as Function of Simulation Data Range with Constant Density; 
Nonlinear Regression with Four-Parameter Fitting in Eq. 26a for the Case of N = 1.0 X lo4, t = 1.0 X 10 -' s, K = 2.0, and 

?$p, = 2.0 

Point Point k f - t  k,-f Error 
Density Range (s- ) k-l)  kf- 4% - 1  (%a) 

60 
60 
60 
60 
60 
60 
60 
60 
60 
60 
60 
60 
60 
60 
60 

1 7  
2 7  
3 7  
4 7  
5 7  
7 7  

10 7 

15 i- 
20 7 

30 T 

40 7 

50 T 

60 7 

70 T 

80 T 

11.45 f 0.16 
8.82 f 0.08 
7.81 f 0.06 
7.46 k 0.04 
7.42 f 0.03 
7.43 f 0.02 
7.35 f 0.02 
7.24 f 0.02 
7.18 f 0.02 
7.22 f 0.02 
7.23 f 0.02 
7.24 k 0.02 
7.27 f 0.02 
7.27+ 0.02 
7.28 f 0.02 

19.55 f 0.58 
10.66 f0.20 
8.24f0.11 
7.56 -t 0.06 
7.49 f 0.04 
7.50-t 0.03 
7.39 -t 0.02 
7.22f 0.02 
7.13 + 0.02 
7.18k0.02 
7.20-t 0.02 
7.22 f 0.02 
7.26i  0.02 
7.26 f 0.02 
7.27 -t 0.02 

0.59 f 0.02 
0.83 _+ 0.02 
0.95 f 0.01 
0.99 f 0.01 
0.99 + 0.007 
0.99 f 0.005 
1.00 f 0.004 
1.00 k 0.004 
1.01 f0.004 
1.00 -t 0.004 
1.00 f 0.003 
1.00 f 0.003 
1.00 f 0.003 
1.00 f 0.003 
1.00 f 0.003 

- 41.44 
- 17.22 
- 5.27 
- 1.33 
- 0.89 
- 0.99 
- 0.44 

0.30 
0.72 
0.48 
0.41 
0.30 
0.12 
0.14 
0.07 

versely, the number of molecules in the surface phase in- 
creases as NS = NK(K/l$)Al+ K(K/l$)].  For example, in 
the case where K = 500.0 and N = 1,000, there are approxi- 
mately four molecules in the fluid phase and 996 molecules 
in the surface phase at equilibrium. If the statistical variation 
of the stochastic simulation is *l  molecule, then the small 
number of molecules in the fluid phase limits the precision 
and accuracy of ~f to +25%, + 2  molecules limits Nf to 
+50%, and so on. This quantified source of error may be 
reduced by increasing the total number of molecules in the 
simulation. For example, in the case cited above, * 1 molecule 
limits if to & 25% for N = 1 . 0 ~  lo3, + 2.5% for N = 1 . 0 ~  
lo4, and +0.25% for N =  1.OX lo5. A similar problem arises 
for distribution coefficients significantly less than unity, where 
the number of molecules in the surface phase becomes the 
limiting factor. 

Although the four-parameter regression strategy provides 
compensation for certain sources of numerical error that are 
related to the number of molecules, such compensation may 
not be ideal or exhaustive. It is, therefore, necessary to exam- 
ine the precision and accuracy of the rate constants kf-, and 
k,-f as well as their ratio kJ-s/ks-f as a function of the total 
number of molecules. As shown in Figures 6A and 6B, the 
relative standard deviation of the rate constants improves sig- 
nificantly with the number of molecules for distribution coef- 
ficients less than unity, but only slightly for those greater than 
unity. The ratio of the rate constants in Figure 6C shows er- 
ror that is small and relatively independent of the number of 
molecules for distribution coefficients from 0.01 to 100.0. 
Above this point, the error increases and is most significant 
for the smaller number of molecules. Thus, it is necessary for 
the total number of molecules to be sufficiently large to over- 
come the quantified error discussed above in order to achieve 
the desired level of statistical accuracy and precision. 

Effect of time increment and range 
The accuracy and precision also depend on the time do- 

main of the simulation data that are used in the regression 
analysis. For convenience in normalization of the simulation 
data, we will define the density in terms of the number of 

data points in the characteristic time T, and the range in terms 
of the number of multiples of the time T .  The effect of the 
time range with constant density is summarized in Table 4. 
When the range is less than 57, the simulation has not yet 
reached steady-state conditions and the rate constants are 
systematically overestimated. Because all molecules initially 
reside in the fluid phase, the rate constant ks-f is overesti- 
mated to a greater extent than kJ-,, which results in signifi- 
cant negative error in the ratio kJ-s/kr-f. When the range 
exceeds 107, the rate constants approach a limiting value and 
their ratio accurately reflects the equilibrium constant ac- 
cording to Eq. 5. The precision of the rate constants, ex- 
pressed as the reciprocal of the relative standard deviation, is 
illustrated as a function of the time range in Figure 7. For 
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Figure 7. Reciprocal of the relative standard deviation 
for the rate constants k f -s  and k s - ,  deter- 
mined by the two-parameter regression equa- 
tion (0 ,O)  and the four-parameter regression 
equation ( 0 ,  m) as a function of the simula- 
tion data range with constant density. 
Simulation conditions: N = 1.OX lo4; I = 1.OX lo-' s; R = 

2 0 . 0 ~ 1 0 - ~  crn; d , = 4 . 4 9 ~ 1 0 - ~  cm; D f = l . O ~ l O - s  cm'. 
s-l;  D,= L O X  cm*.s-'; K = 2.0. 
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the two-parameter regression strategy, the precision for k ,  -f 
increases linearly with the range up to 107 and with the square 
root of the range thereafter, whereas the precision for kf-x 
increases with the square root of the range up to 107 and 
slightly less thereafter. In contrast, the four-parameter re- 
gression strategy provides some compensation for numerical 
error that is related to time and, hence, shows distinctly dif- 
ferent behavior. The precision for ks-f  increases with the 
3/2 power of the range up to 107, whereas the precision for 
kf-s increases linearly with the range up to 107. The preci- 
sion for both rate constants becomes independent of the 
range after approximately 15 to 207, which suggests that this 
range may be considered optimal for the statistical regression 
analysis. 

The effect of the time density with constant range is sum- 
marized in Table 5. Although a small error arises when the 
density is less than 10 points in T, the accuracy of the rate 
constants is relatively unaffected by time density from 10 to 
600 points in T. The precision of the rate constants, ex- 
pressed as the reciprocal of the relative standard deviation, is 
illustrated as a function of the density in Figure 8. The preci- 
sion for both kf-s and ks-f improves consistently with the 
square root of the density for both the two-parameter and 
four-parameter regression strategies. Because there is no 
change in the rate of improvement, the optimal density may 
be determined from Figure 8 for any desired level of preci- 
sion. For example, 0.5% RSD would require approximately 
100 points in T for the two-parameter strategy but only 20 
points in T for the four-parameter strategy. 

Finally, we consider the effect of the time increment of the 
simulation. The molecular diffusion distance in Eq. 1 in- 
creases with the square root of the time increment, whereas 
the total number of diffusion steps in a given simulation time 
is inversely related to the time increment. Therefore, the to- 
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Figure 8. Reciprocal of the relative standard deviation 
for the rate constants k f -s  and k s - f  deter- 
mined by the two-parameter regression equa- 
tion (0, 0) and the four-parameter regression 
equation ( 0 ,  w )  as a function of the simula- 
tion data density with constant range. 
Simulation conditions: h7 = 1.OX lo4; f = 5 . 0 ~  10 -’ s; R = 
2 0 . 0 ~  cm; d ,  = 4 . 4 9 ~  cm; D,= 1 . 0 ~  lo-’ cm’. 
s-’;  D,= I . O X ~ O - ‘  cm’.s-’; K = ~ . o .  

tal distance traveled in a given simulation time varies in- 
versely with the square root of the time increment. It seems 
reasonable to surmise that a small time increment, which 
provides a greater number of small diffusion steps in the fluid 
and surface phases, may provide a more accurate simulation 
of the absorption process. The effect of the time increment, 
maintaining a constant density and range of data for the re- 

Table 5. Kinetic Rate Constants k, - , and k ,  - f Determined as Function of Simulation Data Density with Constant Range; 
Nonlinear Regression with Four-Parameter Fitting in Eq. 26a for the Case of N = 1.0 X lo4, K = 2.0, and = 2.0 

Point Point k J - s  k ~ - f  Error 

5 15 r 7.04 f 0.06 7.04f0.07 1.00F0.01 0.05 
6 15 7 7.10 f 0.06 7.10f0.06 1 .oo f 0.01 - 0.003 

Density Range ( S - ’ )  ( S - I )  k,-,/k,-f (%) 

12 
15 
24 
30 
48 
60 
120 
150 
240 
300 
600 

15 r 
15 r 
15 r 
15 r 
15 7 

15 r 

15 r 
15 r 
15 r 
15 7 

15 T 

7.16f0.04 
7.13f0.04 
7.15 f 0.03 
7.15 f 0.03 
7.15 F 0.02 
7.15 f 0.02 
7.15 f 0.01 
7.15+0.01 
7.15 k 0.01 
7.15 i 0.009 
7.15 + 0.007 

7.17f0.05 
7.13k0.04 
7.15 F0.04 
7.15 f0.03 
7.1610.02 
7.1.5 k 0.02 
7.15 f 0.02 
7.15+0.01 
7.15 F 0.01 
7.15 F0.01 
7.15F0.007 

1.00f0.009 
1 .oo & 0.008 
1 .00 k 0.007 
1 .oo f 0.006 
1.00f0.005 
1.00+0.004 
1.00 f 0.003 
1.00 f 0.003 
1 .00 F 0.002 
1.00f0.002 
1.00 F 0.001 

- 0.07 
0.01 

- 0.05 
- 0.03 
- 0.02 
- 0.05 
- 0.03 
- 0.04 
- 0.03 
- 0.04 
- 0.03 

Table 6. Kinetic Rate Constants k, - and k ,  - , Determined as Function of Simulation Time Constant ( t )  with 
Constant Density and Range; Nonlinear Regression with Four-Parameter Fitting in Eq. 26a for the Case of 

N = 1.0 X lo4, K = 2.0, and J$Ps = 2.0 

t Point Point kf--L k ,  -f Error 

5.ox10-6 12 15 7 7.38 F 0.05 7.35 + 0.05 1.00fO.01 0.41 
5 . 0 ~  10-5 12 1.5 r 7.40 f 0.05 7.38 0.05 1.00 f 0.009 0.26 

(S) Density Range ( S K I )  (5-1) k f - s/kx - , (%) 

S . O X ~ O - ~  12 15 7 7.74f 0.04 7.88 f 0.04 0.98 -t 0.007 - 1.87 
5 . 0 ~ 1 0 - 3  12 15 7 7.12F0.04 7.18F0.04 0.99 f 0.007 - 0.78 
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gression analysis, is summarized in Table 6. The accuracy and 
precision of the rate constants kf-, and k,-,, as well as their 
ratio kf_,/k,_f, remain relatively constant with time incre- 
ments from 5 . 0 ~  lo-' s to 5 . 0 ~  s. Thus, it does not 
appear to be beneficial to reduce the time increment below 
that necessary for good statistical representation of the data. 

Efect of initial conditions 

In all of the studies described thus far, we have employed 
the initial condition (i) where all molecules reside in the fluid 
phase. As the system begins the kinetic evolution toward the 
steady state, shown in Figure 2, there are initially no 
molecules that undergo the transition from surface to fluid 
phase. Consequently, k, cannot be estimated as reliably as 
kf-s from the nonlinear regression strategy. This source of 
error is particularly problematic for high distribution coeffi- 
cients, where k J - f  is intrinsically small, as evident in the 
comparison of Figures 6A and 6B. Moreover, this source of 
error cannot be corrected by means of the number of 
molecules or the time increment. As shown in Figure 6B, an 
increase in the number of molecules has little or no effect on 
the precision of k, -f for distribution coefficients greater than 
20.0. Because the precision of k f - ,  is significantly better un- 
der comparable conditions (that is, distribution coefficients 
less than 0.21, it seems desirable to examine the effect of the 
initial conditions on the accuracy and precision of the rate 
constants. 

Consider the case wherein all molecules reside initially in 
the surface phase, and the number of molecules remaining in 
the surface phase is monitored as a function of time. The 
solution to the ODE system in Eq. 9 associated with the ini- 
tial condition (ii) is given by Eq. 17b. For a given set of simu- 
lation data ( T ,  Ny) ,  the rate constants kf-, and ks-f can be 
determined by applying nonlinear regression with an expo- 
nential (two-parameter) fitting according to Eq. 1%. 

Alternatively, an error analysis may be applied to the ODE 
system associated with the initial condition (ii), as shown in 
the Appendix. The leading and dominant terms of the solu- 
tion are given in detailed format as 

This solution is directly analogous to Eqs. 26a and 26b for 
the ODE systems (I) to (111) associated with the initial condi- 
tion (i). For the set of simulation data ( T ,  N,), the rate con- 
stants kf-s and k,-f together with the scalars c3, and 
can be determined by applying nonlinear regression with a 
biexponential (four-parameter) fitting according to Eq. 27b. 
An example of this four-parameter fitting strategy is illus- 
trated in Table 7, as well as in Figures 9 and 10. 

Figures 9A and 9B provide a comparison of the rate con- 
stants obtained with initial conditions (i) and (ii), hereafter 
called the Nptrategy and A',-strategy, respectively. It is ap- 
parent that the values for both kf-, and ks-f are systemati- 
cally lower by using the Ns-strategy, which is verified by com- 
parison of Tables 3 and 7. The relative standard deviation, 
illustrated in Figures 10A and 10B, suggests that the preci- 
sion for k f - ,  is best using the N,-strategy at low distribution 
coefficients and the Nfstrategy at high distribution coeffi- 
cients, whereas the precision for ks-f is uniformly better us- 
ing the N,-strategy. In addition, the ratio of the rate con- 
stants kf-,/k,-f is shown in Figure 9C with the correspond- 
ing errors in Figure 1OC. From these results, we may con- 
clude that the Nf- and Ns-strategies are complementary and 
show superior performance for distribution coefficients that 
are lower and higher than unity, respectively. 

Conclusions 
In this study, a numerical approach has been developed to 

determine the individual rate constants and the ratio of the 
rate constants from stochastic computer simulations. A biex- 
ponential (four-parameter) equation, which provides for in- 

Table 7. Kinetic Rate Constants k, - s and k ,  - , Determined by Nonlinear Regression with Four-Parameter Fitting in Eq. 27b 
for the Case of N = 1.0 X lo4 and t = 5.0 X 10 - 5  s 

K 

500.0 
200.0 
100.0 
50.0 
20.0 
10.0 
5 .O 
2.0 
1 .o 
0.5 
0.2 
0.1 
0.05 
0.02 
0.01 

q/Vs 
2.0 
2.0 
2.0 
2.0 
2.0 
2.0 
2.0 
2.0 
2.0 
2.0 
2.0 
2.0 
2.0 
2.0 
2.0 

kf-s 
(S- ' )  

13.27 f 0.97 
16.94 f 0.48 
14.38 f 0.27 
15.30 f0.25 
13.29 f 0.12 
11.99 f 0.09 
9.75 f 0.06 
6.26 f 0.02 
3.96 f 0.01 
2.27 f 0.005 
1.03 k 0.003 
0.56 f 0.007 
0.28 k 0.001 
0.11 f0.0009 
0.05 f 0.0008 

ks-f 
( S - I )  

0.053 f 0.004 
0.17 k 0.005 
0.29 f 0.005 
0.61 f 0.009 
1.32 fO.01 
2.38 f 0.02 
3.87 f 0.02 
6.27 f 0.02 
7.94 f 0.02 
9.11 fO.01 

10.26 k 0.02 
11.34f0.12 
10.69 f 0.007 
10.79 k 0.009 
10.76 f0.008 

k f -Jks - f 
252.40 f 25.28 
100.47 f 3.94 
49.76f 1.28 
24.98 k 0.56 
10.10 f 0.12 
5.03 f 0.05 
2.52 f 0.02 
1.00 f 0.004 
0.50 f 0.002 
0.25 f 0.0007 
0.10 f 0.0003 

0.050 k 0.0008 
0.026 f 0.0001 
0.01Ok 0.00009 

0.0046 f 0.00007 

Error 
(%I 
0.96 
0.47 

- 0.49 
- 0.07 

0.96 
0.60 
0.64 

-0.19 
- 0.24 
- 0.49 

0.02 
- 0.48 

3.23 
- 0.22 
- 7.23 

R/Ef 
250.93f41.18 
101.93 k 4.06 
49.87 k 1.29 
25.22 f 0.72 
10.16 f 0.18 
5.06 f 0.07 
2.54 f 0.02 
0.99 f 0.006 
0.50 f 0.002 
0.25 f 0.002 
0.10 f 0.001 

0.050 f 0.001 
0.026 f 0.001 
0.010 f 0.0006 
0.005 f0.0003 

Error 
(%I 
0.37 
1.93 

- 0.27 
0.88 
1.55 
1.19 
1.44 

- 0.97 
- 0.06 
- 0.07 

1.07 
0.87 
2.28 
4.87 
2.41 
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Figure 9. Individual rate constants k, - , (A) and k, - , 

(B), and the ratio of the rate constants k, - ,/ 
k, - , (C) determined by using the N, -strategy 
(0, 0, @) and the &-strategy ( 0 ,  m ,  m).  
Simulation conditions: N = 1.OX lo4; t = 5.0X s; R = 
2 0 . 0 ~ 1 0 - ~  cm; d , = 4 . 4 9 ~ 1 0 - ~  cm; D,=1.0X10-5 cm2- 
s-'; D, = 1.0x crn*.s-'. 

herent correction of numerical error, is shown to be superior 
to the classical exponential (two-parameter) regression equa- 
tion. The effects of the initial conditions, the number of 
molecules, and the time domain are examined in detail to 
ascertain the most favorable simulation conditions. This ap- 
proach has been demonstrated for an absorption system with 
homogeneous fluid and surface phases under diffusion- 
limited conditions. Because the kinetic and steady-state be- 

0.0 

20.0 
B 

0.0 

havior of this simple first-order system are well known as a 
function of the simulation variables, it is possible to evaluate 
the statistical accuracy and precision of the regression ap- 
proach. This approach has been successfully applied for dis- 
tribution coefficients ranging from 0.01 to 100.0, yielding in- 
dividual rate constants kf-3 and k s - f  with f0.84% and 
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f 0.57% average relative standard deviation, and the ratio of 
the rate constants with & 1.04% average relative standard de- 
viation and f1.14% average relative error. On the basis of 
these validation studies, this approach may now be applied 
with confidence to evaluate more complicated systems such 
as fluids or surfaces that exhibit heterogeneity at the molecu- 
lar, microscopic. or macroscopic level. Furthermore, it may 
be extended to more elaborate mass-transport and chemical 
processes such as second- and higher-order kinetics as well as 
mixed mechanisms from absorption/adsorption, absorption/ 
reaction, and adsorption/reaction, in the absence or pres- 
ence of convective flow. Hence, this approach provides the 
opportunity to characterize and to gain much-needed insight 
to the kinetic and steady-state behavior of complex systems. 
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We may reasonably infer that the error fIrI(T) in Eq. 24a 
was introduced when approximating Eq. 9 by using the finite 
difference method. In fact, by the Taylor expansion 

By standard theory, the solution of the ODE system (I) is 
given by 

Nr(T) =c,exp(A,T)+c,exp(h,T) (Al) 

where dN(T) d2N(T) 
dT dT’ 

N(T + AT) = N(T) + - AT+- (AT), 

A, = 0 and A, = -(kf_,  + ks-f + E ; ~  + E;,) (A21 +  AT)^) 

Neglecting the high-order terms o((AT)’), we have 
are the eigenvalues of the matrix A, in Eq. 22b. By the Tay- 
lor expansion N(T + AT)- N(T) dN(T) d2N(T) 

=- + V A T  
AT dT dT- 

Hence, the finite difference method introduces 
exp (h,T) = exp [ - (kf-, + ks-f + + E;,)T] 

Recall that N ( T )  = exp(TA)N,,, so 
where o(e i f  + E&) represents the truncated terms that tend 
to zero much faster than the errors E& and E&. Thus, by 
substitution into Eq. Al ,  we obtain the leading and dominant 
terms of N,(T) 

d2N(T) d 2  
___=__ [exp(TA)N,] = A2exp(TA)N,, 

dT‘ dT2 

Therefore, the error term in Eq. A7 is given by 
c 1  + c2exp[-(kf_, + k , _ f ) T l +  c,Texp(c,T) (A31 

where cl, c 2 ,  and c3 are vectors, and c4 is constant. Simi- 
larly, we have the following equation for the ODE system (11) 

NJT) = c1 exp ( A,T) + c 2  exp ( A2T) (A41 

exp(TA) ITexp( -  sA)f,,,(s)ds 
0 

= -exp(TA)lTexp(- sA)A’exp(sA)N,ATds 

= - A2exp(TA)NnATT 

0 
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Notice that Therefore, the error term in Eq. A7 becomes 

where the columns of the matrix V are the eigenvectors of 
the matrix A associated with its eigenvalues A, and A,, which 
are given by 

A, = 0 and A, = -(kf_,  + k , - f )  

and V - '  is the inverse of the matrix V .  By definition 

exp(A,T) 
0 exp (A,T) 

= v{ 

V-  IN,, A TT 1 = - V [  0 0 
0 (A,)'exp(A,T) 

where c is a vector. Finally, by substituting exp(TA)NO = c1 + 
c2exp[ -(kf-, + k,-f)T] into Eq. A7, we obtain the leading 
and dominant terms of NIJT) 

The solutions in Eqs. A3, A6, and A9 lead to Eqs. 26a and 
26b or 27a and 27b corresponding to the initial conditions (i) 
or (ii), respectively. 
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